This article considers a static problem of torsion of a cylinder composed of incompressible, nonlinearelastic materials at large deformations. The cylinder contains a central, round, cylindrical inclusion that was initially twisted and stretched (or compressed) along the axis and fastened to a strainless, external, hollow cylinder. The problem statement and solution are based on the theory of superimposed large strains. An accurate analytical solution of this problem based on the universal solution for the incompressible material is obtained for arbitrary nonlinear-elastic isotropic incompressible materials. The detailed investigation of the obtained solution is performed for the case in which the cylinders are composed of Mooney-type materials. The Poynting effect is considered, and it is revealed that composite cylinder torsion can involve both its stretching along the axis and compression in this direction without axial force, depending on the initial deformation.
Introduction
When solving problems of the nonlinear theory of elasticity at large strains in the case in which a body is loaded at several steps, it is reasonable to use a mathematical tool of the theory of repeatedly superimposed large strains (Levin, 1998; Levin and Zingerman, 1998, 2008; Zingerman and Levin, 2009 ) when the problem is stated and solved. For example, in Levin (1998) and Levin and Zingerman (1998, 2008) this theory is used to solve the problems of the stressed-deformed state of the previously loaded nonlinear-elastic bodies with original holes in them. In Zingerman and Levin (2009) , an approximate solution to the problems of the origin of an inclusion (a region with the other properties) in a loaded body is obtained. In the present article, a static problem of torsion of the cylinder composed of incompressible, nonlinear-elastic materials is solved. The composite cylinder consists of two parts: an inner, solid, round cylinder (which is hereinafter referred to as inclusion) and an outer, hollow, round cylinder. The inclusion was initially twisted and stretched (or compressed) along the axis and fastened to a strainless, hollow, outer cylinder. It is assumed that the radius of the inclusion and the inner radius of the outer cylinder match exactly only after the inclusion is subjected to the proposed initial deformation. Both cylinders have the same length after the initial deformation of the inner cylinder. The two cylinders are assumed perfectly bonded at that intermediate deformation stage (no slippage is allowed at their interface). Then the composite cylinder is twisted and stretched (or compressed) along the axis.
An exact analytical solution of this problem is obtained for arbitrary, nonlinear-elastic, isotropic, incompressible materials. This solution is based on the universal solution for incompressible materials -solving the problem of torsion, stretching, and changing the diameter of the round cylinder (Rivlin, 1949; Green and Adkins, 1960; Truesdell, 1972; Shield, 1982; Lurie, 1990; Saccomandi, 2001; Horgan and Murphy, 2011) . The detailed investigation of the obtained solution is made for the case in which the cylinders are composed of the Mooney-type materials (Mooney, 1940) .
The problem statement within the theory of repeatedly superimposed large strains can be formulated in the following way. Initially there are no stresses and strains in the inner cylinder. First, this cylinder is deformed -twisted, stretched along the axis or compressed -which involves changing the cylinder's diameter due to the material's incompressibility. This deformation results in the intermediate state of the cylinder, where it is in equilibrium. Then this cylinder is put into a hollow, non-deformed cylinder with an inner radius matching the first (solid) cylinder radius. The cylinders are fastened and additionally deformed -twisted, stretched along the axis or compressed -which involves changing their diameters as in the previous case. The composite cylinder passes to the final state, where it is in equilibrium. A lateral surface of the composite cylinder in this state is considered free of loads, and an axial force and a twisting moment are applied to its bases (Fig. 1) .
The solution to this problem may be used for the analysis of coated fibers (Tsukrov and Drach, 2010) and allows us, in particular, to investigate the Poynting effect, which consists of changes to a cylindric body's length while torsion (Poynting, 1909) . The research on this effect for a homogeneous cylinder composed of an incompressible material can be found in Zubov (2001) .
Note that a number of problems of torsion of cylindrical or prismatic bodies at the large strains is solved in Zubov and Bogachkova (1995) . The research of buckling of a hollow, nonlinear-elastic cylinder while it is under torsion, stretching along the axis and changing its diameter, can be found in Zubov and Sheidakov (2008) . The extension and torsion of a compressible elastic circular cylinder is analyzed in Kirkinis and Ogden (2002) . The combination of radial dilatation, helical shear and torsion of a hollow cylindrical tube made of an incompressible isotropic nonlinearly elastic material is investigated in De Pascalis et al. (2007) . Rajagopal (2003, 2005) investigated the inflation, tension, torsion, and shearing of an inhomogeneous, nonlinear-elastic, hollow circular cylinder under large strains. The preliminary strain of a part of the cylinder is not considered in those papers. It is assumed that the material properties vary along the radial direction. The semi-inverse method is used to solve the problems. Saravanan and Rajagopal (2003) solved the problems for incompressible, isotropic materials. The solution in quadratures is obtained. Saravanan and Rajagopal (2005) solved the problems for compressible, isotropic materials. The problems are reduced to the initial value problems for ordinary differential equations that are solved numerically. It is shown that the inhomogeneity of the material has a significant influence on the state of strains and stresses in the cylinder.
Nomenclature
We use the notation that is typical for the theory of superimposed large strains (Levin, 1998) The aforementioned coordinates are related with the Cartesian coordinates as follows:
Here, e q ; e h ; e f ; e r ; e u , and e z ; e R ; e U ; e Z are the orts tangent to the coordinate lines of cylindrical coordinates:
Initial strain of the inner cylinder
The initial (preliminary) strain of the inclusion is an axial stretching-compressing and torsion and is set by the following mapping (Rivlin, 1949; Green and Adkins, 1960; Truesdell, 1972; Lurie, 1990) 
The tensor F init corresponding to the initial strain (1) is expressed in the following way: In Eqs. (1) and (2), w 0 and k 0 are the angle of twist and an axial stretch defining the initial strain of the inclusion.
Based on Eq. (2) and the incompressibility constraint
we determine the function rðqÞ as follows:
With Eq. (3) considered, the expression in Eq. (2) takes the form
Strains and stresses in a composite cylinder
Let us consider the problem of torsion and stretchingcompression of a composite cylinder. A cylindrical inclusion under the aforementioned deformation is put into a hollow, round cylinder that is in a natural, non-stressed state. It is assumed that the radius of the inner cylinder (inclusion) and the inner radius of the outer cylinder match exactly only after the inclusion is subjected to the proposed initial deformation. The two cylinders have the same length after the initial deformation of the inner cylinder. The two cylinders are assumed perfectly bonded at that intermediate deformation stage (no slippage is allowed at their interface). After fastening the central inclusion to the outer cylinder, a composite cylinder is twisted, stretched, and compressed as an integral unit by the forces applied to the cylinder bases. The outer cylinder in the non-stressed state occupies the region 0 6 z 6 l; 0 6 u 6 2p; r 1 6 r 6 r 0 . Here, we determine the inclusion radius as 0 6 q 6 k 1 2 0 r 1 . Let us take the configuration in which the body points have cylindrical coordinates r; u, and z as a reference configuration of a composite cylinder. This configuration is natural for the outer cylindrical shell and is pre-stressed for the central inclusion. We determine the solution of the problem of joint torsion and axial stretching-compression of a composite cylinder in the following way:
where w and k are the angle of twist and an axial stretch of a composite cylinder (w; k ¼ const). The incompressibility constraint allows us to determine the function RðrÞ as follows:
Using Eqs. (5) and (6), we calculate the additional deformation gradient F add :
The total deformation gradient F for the inner cylinder is expressed in the following way (Levin, 1998) :
There is no initial strain for the outer cylinder, and thus F ¼ F add for this cylinder.
Let R 1 and R 0 be the radius of the internal cylinder and the external radius of the external cylinder in the final (deformed) state, respectively. On the basis of Eq. (6), we have
The constitutive relation for an arbitrary, isotropic, incompressible, elastic material is the following (Lurie, 1990) r
where B is the Finger deformation tensor
W I 1 ; I 2 ð Þ is the strain-energy density function for an elastic material; and I 1 , and I 2 are the strain invariants I 1 ¼ trB; I 2 ¼ tr B
À1
.
The functions v 1 and v 2 of the inner cylinder's material will be referred to as v 0 1 and v 0 2 to distinguish them from the functions v 1 and v 2 of the outer cylinder's material.
In view of Eqs. (10), (8), and (7), we obtain the expression of the Finger deformation tensor B, the inverse of the Finger deformation tensor B À1 , and the strain invariants in the internal cylinder 0 6 R < R 1 and in the external hollow cylinder R 1 < R 6 R 0 .
In the region 0 6 R < R 1 :
In the region R 1 < R 6 R 0 :
In view of Eqs. (10), (12), (13), (15), and (16), we obtain the following expression of the Cauchy stress tensor in a composite cylinder as a function of the coordinates R; U, and Z at the final state:
e Z e Z À pðR; U; ZÞE;
According to Eqs. (18) and (19), a stress tensor in the problem of torsion of a heterogeneous cylinder is expressed in the following way:
One can see from Eq. (20) that the stresses s RU and s RZ are identically equal to zero, and, consequently, these stresses are continuous at the interface between the inner and outer cylinders. This fact is true for the arbitrary form of the strain energy density function for incompressible, isotropic elastic materials. So, it is necessary only to provide the continuity of the stress r R in order to satisfy the conditions of perfect bond between the cylinders.
The vectorial equilibrium equation written in the coordinates of the final state without body forces is
which is equivalent to three scalar equations. In view of Eqs. (18) and (19), two of them are expressed in the form
According to Eq. (22) we have p ¼ pðRÞ, which is determined using the remaining equilibrium equation. In view of Eqs. (18) and (19), this equation is expressed in the form:
Since, according to Eqs. (18) and (19) the difference r R À r U does not include the function pðRÞ, Eq. (23) allows us to easily determine the stress r R , and then, using Eq. (18), we can determine the function pðRÞ and the stresses r U and r Z . The stress r R , obtained after solving Eq. (23), must be applied to the boundary condition r R ¼ 0 at R ¼ R 0 and to the condition of continuity at R ¼ R 1 .
As a result, we obtain the following distribution of stresses in a composite cylinder:
r R ðRÞ ¼ Àw
Using Eqs. (18) and (19), one can obtain the function pðRÞ and the stresses r U ; r Z , and s UZ .
This approach can be used for the arbitrary form of the strain energy density function for incompressible, isotropic elastic materials. The functions v 1 ðRÞ; v 0 1 ðRÞ in Eqs. (24) and (25) are determined by substitution of the invariants I 1 ; I 2 from Eqs. (14) and (17) to the expressions v 1 ðI 1 ; I 2 Þ; v 0 1 ðI 1 ; I 2 Þ that are determined by the strain energy density functions. The only limitation is related with the possibility to calculate the integrals in Eqs. (24) and (25) analytically.
The realization of the deformation (see Eq. (5)) requires the application of the axial force Q and the twisting moment G to each base of a composite cylinder as follows:
Explicit expressions for the axial force and the twisting moment follow from Eqs. (18), (19), (24)- (26) and (9):
These expressions, which may be used for arbitrary models of incompressible, isotropic, elastic materials, describe the nonlinear resistance of a composite cylinder to tension, compression, and twist.
As an example, let us consider the expressions of the stress distribution, the axial force, and the twisting moment for a composite cylinder for the case of Mooney material (Mooney, 1940) , for which
Gðk 0 ; w 0 ; k; wÞ ¼ pC
The stress distribution on the bases of the composite cylinder is determined by the expressions (29) and (30) for r Z and s ZU , respectively. In general case of arbitrary strain energy density function, these stresses are functions of the radial co-ordinate. The forms of these functions depend on the constitutive relations. Using Eqs. (31) and (32), we can determine, in particular, the values of the twist angle w and the axial stretch k of a composite rod without external forces (Q ¼ G ¼ 0) at the set values w 0 ; k 0 . Then Eqs. (27)- (30) allow us to determine the stresses in the cylinder without external forces due to a pre-stressed inclusion. It is assumed in the theory of rods (Love, 1927; Antman, 1995) that the base of a rod is free if the axial force Q and the twisting moment G, applied to this base, are equal to zero. Because the lateral surface of the cylinder (rod) is free of loads, and the bases of the rod are free, we can consider the stresses in the composite cylinder in this case as residual stresses. It should be noted that hereinafter in the paper the sense of the term ''residual stresses'' partially differs from the strict definition of this term which is given, for example, by Hoger (1985) . The stresses for the other values of Q and G may be considered as the solutions of the problem of torsion, stretching, and changing the diameter of the composite cylinder with residual stresses caused by the initial deformation of the inner cylinder.
As distinguished from the problems solved by Merodio et al. (2013) , the field of residual stresses is not prescribed but is determined from a given parameters k 0 and w 0 of the initial deformation.
Results of the numerical calculations
When describing the numerical results we will use the following expressions for the constant materials:
where l 0 and l are the shear moduli of the inner and outer cylinders, respectively, and b 0 and b are dimensionless constants. Note that the positivity conditions of the deformation potential energy are the following inequalities (Lurie, 1990) l > 0; l 0 > 0; À1 6 b 6 1; À1 6 b 0 6 1: The dependence of the tightening angle w on the full axial stretch k for the case in which the axial force equals 0 was
analyzed. This dependence is demonstrated in Fig. 6 for different values k 0 , and the tightening angle corresponds to the value ðr 1 Þ À1 . Fig. 6 demonstrates that the Poynting effect is present in the composite cylinder -i.e., the cylinder torsion involves its axial stretching or compression. If k 0 < 1, then at comparatively small modulus tightening angles axial compression (k < 1) is present, and in other cases axial tension takes place. If k 0 > 1, then at any tightening angles axial tension is present. Fig. 2 . Distribution of the residual stress rR in terms of the radial coordinate R at the final state. Moon and Truesdell (1974) and Mihai and Goriely (2011) show that the sign of the Poynting effect in nonlinear-elastic materials depends on whether additional inequalities hold for these materials. In particular, this effect depends on whether so called ''empirical inequalities'' (Truesdell, 1972) hold. It is shown that in an incompressible body the empirical inequalities require the strict (positive) Poynting effect to occur. In other words, the torsion of a homogeneous cylinder made of incompressible, isotropic, nonlinear-elastic material causes to stretching of the cylinder provided that the empirical inequalities hold for this material. For the Mooney-type material, the empirical inequalities coincides with the conditions of positivity for the strain-energy density function, i.e. C 1 > 0, and C 2 P 0. Thus, for homogeneous rods made of Mooney-type materials with C 1 > 0, and C 2 P 0, only positive Poynting effect may occur (k > 1). But this statement is not true for composite, preliminary strained cylinders made of Mooney-type materials. For these cylinders, both positive (k > 1) and negative (k < 1) Poynting effect may take place (Fig. 6 ). This is a non-trivial effect caused by the initial deformation of the inner part of a cylinder. Fig. 10 that it is harder to twist a cylinder with the inclusion which was pre-twisted in the same direction than the cylinder with the inclusion which was not pre-twisted, but it is easier to twist a cylinder with the inclusion which was pre-twisted in the opposite direction than the cylinder with the inclusion which was not pre-twisted.
Conclusion
The theory of superimposed large strains allowed us to obtain and to investigate an exact solution to the problem of torsion of a composite cylinder composed of incompressible, isotropic, nonlinear-elastic materials. The inner part was under previous torsion and axial stretching or compression. The detailed investigation of the obtained solution is obtained for the case in which the cylinders are made of the Mooney-type materials. The distribution of the residual stresses in a composite cylinder after taking off the external loads is obtained. The Poynting effect is investigated, and it is revealed that a composite cylinder torsion may involve both its axial stretching and its compression in the same direction without the axial force, depending on the initial deformation. This is a non-trivial effect which does not take place for homogeneous cylinders made of the Mooney-type materials.
Using the theory of repeated superposition of large deformations (Levin, 1998) , one can generalize the obtained solution for the case of composite cylinders with multiple preliminary deformed layers. However, this generalization requires tedious computations.
